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The dynamical evolution of superconducting cosmic strings is much more complicated than that of
simple Goto-Nambu strings. For this reason, there are only a few known analytical solutions and
no numerical solutions. The goal of this paper is to present numerical solutions for the dynamics of
superconducting cosmic string loops. In most cases, a purely dynamical approach is not sucient to
describe correctly the evolution of a loop due to the appearance of quantum eects. The consequences
of these quantum eects are mostly unknown at this time because the problem requires a dynamical
eld theory treatment. It is however likely that ultimately the result will be radiation of charge
carriers from the string.
I. INTRODUCTION
Cosmic strings [1] are topological defects [2] which can
form in the early universe during phase transitions. The
simplest kind of cosmic string is the Goto-Nambu [3] one
which has no internal structure and has been studied in-
tensively in relation with galaxy formation scenarios [4].
However, the Goto-Nambu model is by no means the
only one possible. In fact, it seems likely that, if the
Higgs boson triggering the cosmic string generating phase
transition is coupled to charged bosons or fermions, such
particles could get trapped in the strings, giving rise to
conserved currents along them [5]. Such superconduct-
ing strings have non trivial internal structure (because
of the existence of the current) [6{9] but were thought
to be describable mascroscopically by an \elastic string"
formalism where the internal structure is represented by
just an equation of state [10] and even the rst order
electromagnetic corrections can be accounted for in such
a way [11,12]. The dynamics of such \elastic strings" is
signicantly more complicated than that of Goto-Nambu
strings, as can be expected, and for this reason there are
very few known results on them. In particular, there is
no existing example of a simulation of the dynamics of
such objects, much less of a network of them. (Only the
case where the chiral limit is taken for all strings has
been treated, and then very recently [13]; however, as we
shall see, such a limit appears to be an extreme over-
simplication.) In this paper will be shown the rst such
simulation for loops and some preliminary results derived
from it.
The main known dynamical result about supercon-
ducting strings is the existence, contrary to the case of
Goto-Nambu strings, of a large variety of dynamically
stable loop equilibrium solutions [14,15]. This has very
important consequences on the evolution of supercon-
ducting string networks since such loops at equilibrium
can accumulate and become a signicant part of the uni-
verse mass. In fact, these loops, called \vortons", can
put constraints on the mass scales where superconduct-
ing strings can form, and can also be a possible solution
to the dark matter problem [16,17] as well as to the ultra
high energy cosmic ray enigma [18,19].
However, there are few results on the evolution of a
loop toward equilibrium. A pioneering work was the
study of the evolution of circular loops [20,21]. It showed
that, for a signicant fraction of circular initial condi-
tions, the dynamical evolution of the loop would drive
it outside of the domain of validity of the elastic string
description to a domain where quantum instabilities ap-
pear and likely dominate the dynamics of the string with
as yet unknown results [21].
In this paper, we have studied the dynamical evolution
of a superconducting cosmic string loop to generalise the
study conducted in the circular case. First, we nd that
in many cases, the dynamical evolution of the loop will
drive it out of the elastic regime, thereby extending the
results found in the circular case. But even when the loop
remains in the elastic regime, it tends to fold on itself
in complicated shapes leading to a likely non-negligible
chance of spontaneous charge carrier emission by quan-
tum tunneling [22]. This suggests that the evolution of a
superconducting loop toward equilibrium can not be de-
scribed from a purely macroscopic point of view but must
take into account purely quantum eects which result in
global charge or current loss.
These new results beg the question of the qualitative
and quantitative consequences of the quantum eects we
mentionned (which are at best very badly known), of the
observability of this charge radiation, and of the conse-
quences on the nal outcome of loop evolution.
In the rst section, the equations of motion for an elas-
tic string, of which superconducting strings are a part,
are derived. In the second section, these equations are
reexpressed in a way most appropriate to numerical reso-
lution and the numerical scheme is outlined. Finally, the
third section presents the results obtained for elliptic ini-
tial loop congurations in both the electric and magnetic
sector of the equation of state.
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II. THE GENERAL EQUATIONS OF MOTION
An elastic string is described by a two dimensional















is the timelike unit eigenvector of the stress
energy tensor, and v

is the other orthogonal, spacelike,
unit eigenvector. U and T are the associated eigenvalues
which can be respectively identied with the energy den-
sity and the tension of the string. In the elastic string
model, they are related by an equation of state which
describes the substructure of the string considered, and
must be derived from a quantum eld analysis [6{8]. It
is useful to introduce four other thermodynamical vari-






which can be directly deduced from





















 can be interpreted as a number density variable, and 
as an associated eective mass variable or chemical po-
tential. We will see in the following that they are the





, they can be interpreted respectively as
the speeds of transverse and longitudinal perturbations
along the string. They play a fundamental role in evalu-
ating the stability of circular loops at equilibrium [14,15],
and their being real denes what we shall call the elastic
regime. With the equation of state taken into account,
only one of these variables is necessary to express all six
of them.
Three other tensor elds will play an important role
in the following: the antisymmetric tangent tensor of the













the rst fundamental tensor, 
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and whose mixed form 


is the projector along the












From there, the equations of motion are simply ex-
pressed as the equation of state, which can be assumed
to be solved a priori so that only one of the thermody-
namical variable is necessary to describe them all, and













is the covariant derivative along
the string worldsheet obtained by projecting the usual
derivative on the worldsheet. These equations of mo-
tion can be separated into an intrinsic part which is ob-
tained by projection along the string worldsheet, and an
extrinsic part obtained by projection perpendicularly to
it [14]. Note that we do not consider here the current
to be coupled with a long range interaction eld such as
electromagnetism. We chose this approximation (in case
it would actually be coupled with such elds, which is not
obvious in the rst place) for three reasons: rst of all,
it has been shown [8,9] that as far as the internal string
structure is concerned, this is utterly negligible; then for
the self interaction of a loop, it was shown [12] that its
leading contribution could be completely accounted for
by means of a renormalization of the equation of state
(like the Dirac renormalization of the classical charge of
an electron). Finally, as our results show that the quan-
tum processes are likely to be far more important than
the classical radiative corrections concerning energy loss
mechanisms, we have an a posteriori justication.
The intrinsic part of the system can be rewritten as






) = 0; (10)





) = 0: (11)
One of this currents corresponds to the charged current
trapped in the string during the phase transition, the
other corresponds to the winding number of the string.
Which is which basically depends on whether the string
is in the electric sector where the charged current is time-
like, or in the magnetic sector where it is space-like. It is
to be remarked for future reference that these two equa-
tions can be rewritten in adjoint form as two irrotation-














) = 0; (13)
where 

is the antisymmetric tangent tensor dened in
(6).
As for the extrinsic part of the system, it can be sim-





















is the projector orthogonal to the worldsheet
given by (8).
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The system of equations thus includes the four equa-
tions (10), (11), (14) and the equation of state. However





four related thermodynamical parameters, and not on
the string worldsheet coordinates x

which we choose to
be the unknowns of interest. In the following section, we
will explore the various ways to connect these equations
to the worldsheet coordinates and nd the best way to
simulate the dynamics of a cosmic string loop.
III. THE SIMULATION





unknowns and integrate the worldsheet back from them,
a process which however introduces two extra unknowns.

















is the second fundamental tensor of the string.
It is much better to choose the string worldsheet co-
ordinates x

(; ) as unknown. The time-like internal
parameter of the worldsheet  should be identied with
the time coordinate to ensure an easy representation of
the evolution of the solution in time. The other internal





as functions of the worldsheet coordinates be
straightforward. The simplest choice is to choose the po-
tential associated with the irrotationality equation (12)
which we will denote  . There only remains three un-
knowns x(t;  ) and three equations (11) and (14) since
the fourth (10), which is equivalent to (12), is automat-
ically solved by the choice of  as internal parameter of
the worldsheet.
With this choice of unknowns, the other variables


























where dots and primes denote respectively derivative
with respect to t and  , and where several new nota-





































Note also that the equation of state and the two equa-
tions (2), (3) enable to express the three other thermo-
dynamical parameters U , T and  as a function of  only























] = 0; (23)
where v is just the spatial part of v

as dened in (17).
























] = 0; (24)
where w
1;2
are the spatial part of two independent
quadrivectors orthogonal to the worldsheet. Two such






























































In particular if the string is assumed to move in the plane
x
3
= 0, only the vector w

?1
gives a non trivial equation.
So the set of dynamical equations that must be solved
is given by the three equations (23) and (24). The equa-






as functions of  which is itself a function of the
unknowns through (18). This is the system of equations
that we then solve numerically.
Since for a loop the dependence of the worldsheet po-
sition x in  is periodic, with a constant period L given









the conserved number associated with the time-like con-
served current u

, the  -dependence of the unknowns
was modeled by a truncated Fourier series









where N represents the spatial resolution of the world-
sheet position. The coecients of the truncated Fourier
series a
j
(t) and their rst time derivative _a
j
(t) can then
be considered as the unknowns of a 2N simple rst or-
der dierential equation in t given by the equations of
motion (23) and (24). These 2N rst order dierential
equations were solved using standard numerical methods.
Particular care had also to be taken to avoid aliasing in
the Fourier components. The total energy and angular
momentum of the system, which are obviously conserved
by the equations, serve as control of the deviations of the
numerical approximation from the exact solution. In the
following, the relative errors on the energy and angular





The code was rst tested on some of the few known
exact solutions. For instance, equilibrium states are left
stationnary for as long as we care to run the program.
Similarly, stable circular modes are found stable by the
program while unstable ones do start leaving equilibrium
after some time. The program is not capable to deter-
mine with certainty what is the long range evolution of
these unstable modes due to the fact, discussed below,
that extra eects should be taken into acoount in their
description. Another sign that the program is perform-
ing well is that it conserves circularity for as long as we
care to run it.
The equation of state we used to run the program is
the algebraic approximation derived for a realistic model
by one of us [23]. It diers in the electric regime where
the current is time-like and in the magnetic regime where
it is space-like. We will quickly present them before going
on to the results we found for elliptic initial conditions.
A. The magnetic regime
In the magnetic regime, it can be seen that the equa-















































< 1=3 to insure that c
2
L
remains everywhere positive. Here and in what follows,
the mass m is the characteristic symmetry breaking scale
at which the string form, i.e. the order of magnitude of




is the mass at which the current sets up, i.e. roughly the
mass of the current carrier. It is dynamically possible
for  to go above this value (as will be seen below), but
then the string becomes unstable with respect to longi-
tudinal perturbations and the elastic string description
we adopted to describe the dynamics of the string breaks
down due to quantum instabilities in the string. Since
circular solutions have been analysed analytically in de-
tail [21], we run the program with this equation of state
on elliptic initial congurations. What varies between
congurations is the ellipticity of the initial solution and
the initial scale of the current  in the string.
B. The electric regime
In the electric regime, the best t to the equation of
state which also satises the phase frequency threshold
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FIG. 1. Initial conguration for a magnetic string elliptic




















, and the full line for the opposite. On  a ,
the coordinates x and y of the initial string worldsheet, and




























































> 0 (the parameters m and m

having the
same meaning as in the magnetic case). Again, it is dy-
namically possible for  to go above this value (as will be
seen below), but then the string becomes unstable with
respect to transverse perturbations and the elastic string
description we adopted to describe the dynamics of the
string breaks down due to quantum instabilities in the
string. The initial conditions were again xed to elliptic
conguration with varrying ellipticity and current ampli-
tude.
C. Evolution
With our initial conditions as set on FIG 1, we found
basically two outcomes, depending on the kind of current
considered, although the conclusions that can be drawn
from these outcomes are quite independent of it.
Let us rst investigate the dierences between the two
kinds of currents, and consider the case of a spacelike
current. The current in the loop can increase until it
gets locally to the threshold where the elastic string
model breaks down (shown on FIG. 2). The program




FIG. 2. Evolution of a magnetic string elliptic loop with
semi-major axis a = 10. Both lengths and time are in units of
m
 1
. The parameters have been xed to those of Fig. 1. Here








the full line means the opposite, and a dashed line represents
points for which c
2
L
< 0 (see t = 17) and where, therefore,
longitudinal instabilities followed by massive quantum radia-
tion are expected to occur. As a result, all the simulation for
times t > 17 is presumably not physical. Essentially similar
results hold for electric strings, leading however in this case




sults become unreliable because of the likely appearance
of quantum eects. What probably happens is that the
string spontaneously starts emitting charge carriers and
the current in the string is therefore no longer conserved.
Then for a timelike current: in this case, the tension
can become negative, and in some cases will. When that
happens, highly unstable transverse modes can be exited,
for which a dynamical description also ceases to be valid.
Here again, we can expect quantum eects to become
dominant and a charge loss will occur through massive
radiation. A typical evolution would look very similar to








There exists nally a common possible outcome
whereby the string loop always remains in the elastic
range of the equation of state so the simulation can be
followed through. What happens is that the string starts
folding on itself, becoming very irregular (see Figure 3).
After some time it unfolds to come back to an elliptic
conguration very similar to the initial condition. In that
case also, quantum instabilities may appear. When the
curvature radius of the string becomes small, the prob-
ability of the charge carrier quantum tunneling out of
the string increases exponentially, and though there is no
rigorous treatment of this problem as yet, it seems likely
that once again the string will emit charge carriers. For
non elliptic (and non circular) initial congurations, it
seems even more likely that the string loop will fold in
t=7 t=10 t=13.5
t=17 t=21 t=27
FIG. 3. Evolution of a magnetic or electric string elliptic
loop with semi-major axis a = 10 in a characteristic situa-
tion where the loop always remain everywhere in the elastic
regime. Both lengths and time are in units of m
 1
and the
conguration shown here is magnetic. The parameters have





tial conguration actually looks completely similar to Fig. 1.
Conventions are those of Fig. 2. It is seen here that even
though the loop always remains in the elastic regime, regions
of very high curvature radius (particularly in t = 13:5) form
that will be responsible for massive radiation.
complicated shapes since the initial conguration itself is
already more irregular.
Therefore, it appears to be unavoidable that, in both
domains, cosmic string loops will radiate charge carri-
ers. The exact processes whereby it can do so has to
be explored in more details and in particular quantied.
As long as this has not been done, the consequences on
the evolution and decay of superconducting cosmic string
loops will remain sketchy at best.
V. CONCLUSIONS
We have explored the full nonlinear evolution of su-
perconducting cosmic string loops with rational and log-
arithmic equation of state [23]. Starting with elliptic con-
guration, i.e. far from the linear regime, and varrying
the state parameter in the initial conditions allowed us
to examine many evolution processes.
In the magnetic regime where the tension is con-
strained to be positive [9], some string loops were found
to exhibit regions where the longitudinal perturbation
velocity become imaginary, thus implying instabilities at
the classical level, presumably to be latter understood in
terms of massive radiation, i.e., quantum instabilities.
For electric strings for which c
2
L
> 0, some congura-
tions were evolving to the point where the tension was
becoming negative, so that transverse instabilities would
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ultimately be transformed into, again, massive radiation.
Finally, all the congurations that were not leading to
the previously described eects, i.e., those for which the
classical analysis was found valid all through their evo-
lution, were shown to give rise to regions of very high
curvature radius, a situation known to enhance consider-
ably the escape probability for the trapped particles.
The purely classical treatment for the evolution of
current-carrying cosmic strings has therefore been proved
insucient. Further studies are now needed to nd some
ways of incorporating the quantum eects whose signi-
cance has been emphasized here. Once this is achieved,
the evolution scheme presented here might be used in or-
der to evaluate the rate of massive radiation during the
lifetime of a characteristic loop, and its fate when back
reaction is incorporated. With that knowledge, it might
in turn become possible to seriously estimate the spec-
trum of this massive radiation. Eventually, these results
will enable to derive constraints on the parameters of
the problem by comparison with observed cosmological
datas. Note that for the time being, it is not yet clear
whether the eects exhibited here have a tendency to
enhance or lower the vorton formation rate: on the one
hand, it could be argued that many congurations might
turn out to be unstable and therefore decay into massive
radiation, but on the other hand, such a radiation could
in fact accelerate the vorton formation rate to begin with
since it would help loosing energy towards equilibrium.
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